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706. 


ON THE DISTRIBUTION OF ELECTRICITY ON TWO SPHERICAL 
SURFACES. 


[From the Philosophical Magazine, vol. v. (1878), pp. 54—60.] 


In the two memoirs “Sur la distribution de l’électricité à la surface des corps 
conducteurs,” Mém. de I’Inst. 1811, Poisson considers the question of the distribution 
of electricity upon two spheres: viz. if the radii be a, b, and the distance of the 
centres be c (where c>a+b, the spheres being exterior to each other), and the 
potentials within the two spheres respectively have the constant values h and g, then— 

aw 


for Poisson’s f (=) writing $(#), and for his F ( 5) writing @&(#)—the question depends 


on the solution of the functional equations 


C= a 


ap (0) + ( i =n 


nt (E) tog, 


where of course the æ of either equation may be replaced by a different variable. 


It is proper to consider the meaning of these equations: for a point on the axis, 
at the distance æ from the centre of the first sphere, or say from the point A, the 


2 2 
potential of the electricity on this spherical surface is ads or <$ (=) , according as 


the point is interior or exterior; and, similarly, if æ now denote the distance from 
the centre of the second sphere (or, say, from the point B), then the potential of 


2 
the electricity on this spherical surface is b®x or =o (=) , according as the point is 


interior or exterior; (az) is thus the same function of (s, a, b) that ®(x) is of 
1 
©. acl; 
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(x, b, a). Hence, first, for a point interior to the sphere A, if æ denote the distance 
from A, and therefore c—w the distance of the same point from 5, the potential of 
the point in question is 


= ape + o( =); 


„and, secondly, for a point interior to the sphere B, if æ denote the distance from B 
and therefore c—wz the distance of the same point from <A, the potential of the 
point is 

a? 


- “6 (4) +00 ©) 


C—x 


The two equations thus express that the potentials of a point interior to A and of 
a point interior to B are =h and g respectively. 


It is to be added that the potential of an exterior point, distances from the points 
A and B =g and c— g respectively, is 


a. i b b? 
=< (S)+5ng? (s=5)3 
and that, by the known properties of Legendre’s coefficients, when the potential upon 
an axial point is given, it is possible to pass at once to the expression for the potential 
of a point not on the axis, and also to the expression for the electrical density at a 


point on the two spherical surfaces respectively. The determination of the functions 
$(x) and ®(#) gives thus the complete solution of the question. 


I obtain Poisson’s solution by a different process as follows:—Consider the two 
functions 


a? (c — <) 
r ay rs ME, D suppose, 
and i 
< A A) , = 3 tf , Suppose ; 
and let the nth functions be 
and + bn an8 + Bn 
Cat + dy Yng + Òn 


respectively. 
Observing that the values of the coefficients are 
(a, b)=(—-a’, ae ) and( a, B )=(-B, De 
Va d | ie eb | hi 8 | one e—a 


so that we have 
atd=a+6, =- @- b, ad-—bc=að-— By, = at, 


and consequently that the two equations 


(A+1? (a+d? (A+1) (a+6P 
`  ad—be’ `  ad—By’ 
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are in fact one and the same equation 


A+) (@-a— by 
Roane ab? 


for the determination of ^, then (by a theorem which [686, 687] I have recently 
obtained) we have the following equations for the coefficients 


( an, ba); C an; Ba ) 
Cn, dn Yn» Òn 


of the nth functions; viz. these are :— 


an® + ba = = Gay" {ar — 1) (aw + b) +A” — A) (— da + b)}, 
Cr@t+drn= ,, M (ar — 1) (cx +d)+ A” —A)( cs—a)}; 
and similarly 
1 n=l 
anit + Bama (SES) fam — 1) (ae 8) +AA) (— Be + BY, 
yn +8n= > (Ar — 1) (yat+ ò+ A-A) ye- a). 


Observe that these equations give, as they ought to do, 
AL+H=2, Qe+d=1, act+bh=ar+b, oa2+d,=cr+d; 
and similarly 


Mx + By =, yz +ð =l, ùg + B= as +P, met Ò = ye +ò. 


2 
Substituting in the first two equations k — in place of æ, and in the second two 


equations as in place of æ, we obtain the following results which will be useful :— 


ana? + bn (c — æ) = a? (Yne + Òn), 
Cna? + dn (¢ — 2) = : (ni1% + Bn), 
anb? + Bn (¢— £) =b (cng + dn), 
yab’ + n (C= 2) =A (annt + brn), 


the last two of which are obtained from the first two by a mere interchange of 
letters; it will therefore be sufficient to prove the first and second equations. 
For the first equation we have 


1 ot 


ana? + bn (c — £) = es | ata) [ar — 1) [aa + b (c —@)] + A” —2) [— da? + b (c — z)]}, 


1—2 
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where the term in { } is 


=(A"41— 1) [— at + ae (c —x)]+ A” — A) [æ (0? — e) + ae (c—@)]; 
viz. this is 
= a? ("+ — 1) (° — a? — ca) + (A” — N) (b — ca) ; 
or it is 
: =a? (N= 1) (y+) $("=A) (ye — a)}, 
whence the relation in question. 


The proof of the second equation is a little more complicated. We have 


end + dy (02) = phy (SES) (a 1 [oat +d (e 0)] += 2) [ea —a (c 2)]}, 


where the term in { } is 
=(A"*1 — 1) [-— cæ + (2 — b?) (e — s)] + A” — X) [— ca +? (c — æ)]. 
Comparing this with 
1 5\” 
dni? + Ban = <3 (Seq) {OM 1) (aw e) +O —2)(— Be + BY}, 
where the term in { } is 
= (A"?— 1) [b (e — æ)] + A" — A) [- e (P — a? — b) + (P-a’) (c—2)], 


it is to be observed that the quotient of the two terms in { } is in fact a constant; 
this is most easily verified as follows. Dividing the first of them by the second, we 
have a quotient which when #=c is 
(At! — 1)(—ca) +A" —A) (—ca*) ALEA) (N11) 
OHA) {-c(@-@—-Bb)} > AD) (@-@-B)’ ~ (@-a@—B)d’ 


and when z=0 is 


A" —1)c(e@—a -— b) NR ANE BT) Ce) ear a 
(Aa? — 1) Be + (A? —D) be? ("#1 40"F 2)? T BAF) ` 


these two values are equal by virtue of the equation which defines A; and hence the 
quotient of the two linear functions having equal values for «=c and «=0, has 

e—a -— b 
 BPA+1)'’ 
=c?—a?—b*, the quotient, cna? + dn (c — æ) divided by anpe + Bnn, is 


always the same value; say it is Hence, observing that a+d=a+6, 


oe Re gg Dee 
C-e- PAHI)? P’ 


or we have the required equation 


1 
Cna? + dy (c — £) = be (an8 + Bn). 
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Considering now the functional equations, suppose for the moment that g is =0; 
the two equations may be satisfied by assuming 


a @ 
(x2) = hla taat] L 


w w? 
Oa n ET AE 


We in fact, from the foregoing relations, at once obtain 


a? o [ w i w? pæ 
c=" =a as+ hı ws+th:  ) o’ 
b ae w w? l 
PEA a Mari araj 


To satisfy the first equation we must have M=aL; viz. this being so, the equation 
becomes 


b b? aLh 
A = aed) 
or, since ea+d,=1, the equation will be satisfied if only aL=1, whence also M=1. 
And the second equation will be satisfied if only an bM ; viz. substituting for L, M 


their value, we find øw = ab. 

Supposing, in like manner, that h=0, g retaining its proper value, we find a like 
solution for the two equations; and by simply adding the solutions thus obtained, we 
have a solution of the original two equations 


ag (2) + (=i, 


c 


2 GB + b® (a) =g; 


c—a' \c 
viz. the solution is 


$ (2) = 


Se eee ab, (aby } 
eree, j- eo eee a 


Ta ab (aby g { 1 ab 
Aa) = a taap, m +> YoU + cee We + Ò eds fs 
We have a general solution containing an arbitrary constant P by adding to the 
foregoing values for dx a term 
- Pb(a—b) 
Va? (c — æ) — a (£ — b — ca) í 
and for ®z a term 


Pa(b-a) 


~ VB (e —4)— a (e—a? Ta = ca) 
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as may be easily verified if we observe that the function 


@œ (c — æ) — x (@ — b — cx), 


ne OEE. E 
writing therein ar for æ, becomes 


array “x {b (e— 2)—a(e—a?—cx)}: 
and similarly that 
b (c — x) — z (P — @ — cx), 


se gue 
writing therein TE for æ, becomes 


b? 

wat CO o ime es Oh b —cz)}. 
More generally, the terms to be added are for ¢# a term as above, where P denotes 
a function of x which remains unaltered when æ is changed into Ten BA eh 5 a) , and for 


@z a term as above with P’ instead of P, where P’ denotes what P ata ae when 
æ is changed into K . But these additional terms vanish for the electrical problem, 
and the correct values of ps, Bx are the particular values given above. 

It is to be remarked that the function 


@(c—#) . _ eset 
Paeon ~. Po 


viz. considering æ as the distance of a point X from A, then taking the image of X 
in regard to the sphere B, and again the image of this image in regard to the 
sphere A, the function in question is the distance of this second image from A. And 
similarly the function 

B(c—a2) . EA 

e-o ” TA. 


viz. considering here æ as the distance of the point X from B, then taking the image 
of X in regard to the sphere A, and again the image of this image in regard to 
the sphere B, the function in question is the distance of this second image from B. 
It thus appears that Poisson’s solution depends upon the successive images of X in 
regard to the spheres B and A alternately, and also on the successive images of X 
in regard to the spheres A and B alternately. This method of images is in fact 
employed in Sir W. Thomson’s paper “On the Mutual Attraction or Repulsion between 
two Electrified Spherical Conductors,” Phil. Mag., April and August, 1853. 
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